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separation is achieved by paying the maximum penalty in
weight, a conclusion which differs from Refs. I and 2.

The characteristic of the design with the maximum lowest
frequency is rather similar to that with the largest frequency
separation. The former has a somewhat higher lowest
frequency but no significant separation of this frequency
from the second or third lowest frequencies. Here again, shell
panel vibration controls the design.

Comparing the designs in Table I, it appears that rather
similar designs may behave quite differently with respect to
frequency separation. This raises a serious question with
regard to the validity of employing the frequency prediction
models used here for design for optimal frequency separation
of immersed shells. Orthotropic shell theory does not provide
an extremely accurate approximation to actual behavior.
Furthermore, this and the earlier studies of Refs. 1 and 2 use
in vacuo frequencies to study the characteristics of submerged
shells. Considering the inaccuracy in these models and the
sensitivity of the frequency separation results to relatively
small design changes, the results do not appear to be useful
for design purposes.

In addition to the search starting point cited in Table 1,
runs were made using the six, variable formulations for
problem types A and B from the three additional starting
points. These also converged to designs similar to those in
Table 1; thus the starting point sensitivity noted in Ref. 1 on
their problem type B was not apparent in this study. These
results indicate that the optimization procedure used here is
apparently capable of locating an optimum design with
reasonable reliability for the problem types studied.

Acknowledgment

This research was supported by the Office of Naval
Research under Contract ONR-N-00014-75-C-0987 and by the
Foundation at NJIT.

References

' Bronowicki, A. J., Nelson, R. B., Felton, L. P., and Schmit, L.
A., “‘Optimum Design of Ring Stiffened Cylindrical Shells,”” UCLA-
ENG 7417, UCLA-School of Engineering and Applied Science, 1974.

2Bronowicki, A. J., Nelson, R. B., Felton, L. P., and Schmit, L.
A., “‘Optimization of Ring Stiffened Cylindrical Shells,” AJAA
Journal, Vol. 13, Oct. 1975, pp. 1319-1325.

3Pappas, M. and Allentuch, A., “‘Automated Optimal Design of
Frame Reinforced, Submersible, Circular, Cylindrical Shell,”’ Journal
of Ship Research, Vol. 17, Dec. 1973, pp. 208-216.

‘Pappas, M. and Allentuch, A., ‘“‘Extended Capability for
Automated Design of Frame-Stiffened, Submersible, Cylindrical
Shells,”” Computers and Structures, Vol. 4, Oct. 1974, pp. 1025-1059.

SPappas, M. and Allentuch, A., “Pressure Hull Optimization
Using General Instability Equations Admitting More Than One
Longitudinal Buckling Half-Wave,” Journal of Ship Research, Vol.
19, March 1975, pp. 18-22.

6Pappas, M. and Moradi, J. Y., ‘““An Improved Direct Search
Mathematical Programming Algorithm,”’ Journal of Engineering for
Industry, Transactions of the ASME, Vol. 97, Nov. 1975, pp. 1305-
1310.

"Pappas, M., “Improved Synthesis Capability for “T> Ring
Stiffened Shells Under Hydrostatic Pressure,”” Computers and
Structures, Vol. 6, Aug./Oct. 1976, pp. 339-343.

8 zoutendijk, G., Methods of Feasible Directions, Elsevier, Am-
sterdam, 1960.

9McElman, J. A., Mickalas, M. M., and Stein, M., ““Static and
Dynamic Effects of Eccentric Stiffening of Plates and Shells,”” 4744
Journal, Vol. 4, May 1966, pp. 887-894.

10paslay, R. R., Tatge, R. B., Wernick, R. j., and Muster, D. F.,
““Vibrational Characteristics of a Submerged Ring-Stiffened
Cylindrical Shell of Finite Length,”” The Journal of the Acoustical
Society of America, Vol. 46, July/Sept. 1969, pp. 701-710.

""McNaught, D. F., ““Strength of Ships,”” Principles of Naval
Architecture, Chapter 1V, Sec. 8, Society of Naval Architects and
Marine Engineers, New York, 1967.

TECHNICAL NOTES

1001

A Minimum Mass Square Plate with
Fixed Fundamental Frequency of
Free Vibration

M. H. Foley*
Clarkson College of Technology, Potsdam, N.Y.

Introduction

HE minimum mass design of structural members subject

to dynamic behavioral constraints has been the focus of
considerable research effort recently.! Constraints on one or
more natural frequencies of free vibration or flutter speed are
often imposed in the design of major structural components
for lightweight, high-performance aircraft and aerospace
vehicles.

One approach to the minimum mass design of basic
structural members, such as a beam, a column, or a plate, is
to represent the member by a continuous model whose
behavior is described by a differential equation. The optimal
design is determined by applying methods based on the
calculus of variations or its extension in the form of optimal
control theory.

The application of methods from the theory of optimal
control has proven to be a very powerful technique when the
nature of the structural member is such that its behavior can
be described by an ordinary differential equation in one in-
dependent spatial variable (one-dimensional structure).
Relatively few applications have been made to the optimal
design of structural members whose behavior is described by a
partial differential equation in two independent spatial
variables (two-dimensional structures). In control theory
terminology, these would be classified as distributed
parameter optimal control problems.

The purpose of this Note is to illustrate the application of a
simple computational technique to the problem of deter-
mining the minimum mass design of a simply supported
square plate with fixed fundamental frequency of free
vibration. Previous efforts to solve this problem?* have
utilized methods requiring the numerical solution of a
boundary value problem characterized by the partial dif-
ferential equation modeling the behavior of the plate. This is
an extremely complex and time-consuming process. One
theoretically promising technique for solving optimal control
problems that avoids explicitly solving the governing dif-
ferential equation for the system is the ¢ method of
Balakrishnan.’ The basic idea of this method is to replace the
differential equation modeling the system by a penalty
function, thus transforming the original dynamic problem
into a nondynamic one. Foley and Citron® have applied a
technique based on the ¢ method to one-dimensional struc-
tural optimization problems. This Note presents an extension
of that technique to a two-dimensional structural op-
timization problem.

Formulation of the Optimal Design Problem
The design objective is to continuously vary the thickness,
T(X,Y), of the plate over theregion { (X, Y) I0=X=<a, 0=
Y <a)} so as to minimize the mass of the plate, while keeping
the fundarental frequency of free vibration fixed and equal
to that of a reference plate of uniform thickness, 7,, and
identical dimensions. The behavior of the plate may be
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described by the following system of four second-order
partial differential equations.’

2w 12
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where My and My are the bending moments, My, is the
twisting moment, W is the deflection, p is the mass density, »
is Poisson’s ratio, and w, is the fixed fundamental frequency
of free vibration. Introducing the nondimensional coor-
dinates x=X/a, y=Y/a, the nondimensional state variables
2, =Mya/ET}, z2,=Mya/ET), z;=Myya/ET}, and z,=
W/a, and the nondimensional control variable u=T/T,, the
system Eq. (1) can be written in operator form as:
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where (x,y) eQ={(xy) 10=x=<1,0=<y=<1].
The boundary conditions for simply supported edges are

z,=0 for x=0 and x=1 (3a)
z,=0 for y=0 and y=1 (3b)
z4=0 for x=0, y=0, x=1, y=1 (3o)

The optimal design problem can be formulated as the
following distributed parameter optimal control problem.

Determine the control variable v (x,y) which minimizes the
mass criterion

s=| wuteyaxy

subject to the state Eq. (2), the boundary conditions, Eqgs. (3),
and

g[u] = Upmin — u(xxy) =0 (4)

This problem will be referred to as problem A.

The control variable inequality constraint, Eq. (4), is
imposed to prevent the nonrealistic situation of zero thickness
from occurring. It is interesting to observe the natural
definition of the state variables in terms of the physical
response of the plate.
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Mathematical Description of the Technique
The ¢ problem is formulated as follows: For any ¢, >0 and

€,>0, determine the continuous function wu({x,y) which
minimizes

1
Sy = ”Q [u(x,y) +o W L[]z~ §Olu)z)?
! 2
+ ——max {O,g[u]}]dxdy
€2

where
2;(0,y) =2, (L) =2,(x,0) =2,(x, 1) =0
24(0,y) =2,(Ly) =2,(x,0) =2,(x,1) =0

This problem will be referred to as problem B.

One would expect that, under the appropriate conditions,
as ¢; —~0 and €, —0 sequentially, the corresponding sequence
of optimal solutions of problem B will converge to the op-
timal solution of problem A. This hypothesis is supported by
the work of Balakrishnan,® who has developed the theory for
optimal control problems with ordinary differential equation
constraints, and Lions,® who has applied such an approach to
optimal control problems with partial differential equation
constraints.

Let {¢,.x(x.y)) denote a set of functions which is
complete in the region @, and which satisfies the appropriate
boundary conditions for the state variable z,. Expand each of
the state variables in a series of the form

M N
N = D) D ik Brns (6
m=1 n=1

where the «,,,, are undetermined coefficients. In this case,
each of the state variables is expanded as follows:

M N

N = @, sin(@m — Iy wx sin(2n—1) 7y (5a)
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The coefficient d,; is chosen as unity, since the deflection of
the reference plate is only determined up to a multiplicative
constant. Due to symmetry, only modes which are odd in both
coordinates are retained, and a,,,, =a,,,,, &,,, =By Conp = Crm>
andd,,, =d,,.

Consider the space of state functions (denoted S,,,) whose
components are of the form of Eq. (5). Any admissible state
vector z for problem B can be approximated as closely as
desired by functions in S,,, for sufficiently large M and N.
The ¢ problem over the space S,,, is formulated as follows:
For ¢;>0 and ¢,>0, determine the continuous function
u(x,y) and the vector of coefficients «,,, which minimizes

=, [eeen + 5“”““‘”’” ~ QUM NI
1 5 1
+ —max i0,g[u]}dedy 6)
€2

This problem will be referred to as problem C.
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Intuitively, one would expect that ase;, e, ~0and M,N— 1.017
sequentially, the corresponding sequence of optimal solutions
of problem C will converge to the optimal solution of problem 0.8
A. Balakrishnan® discussed the computational aspects of this 0.6
approach for the one-dimensional analog of problem A.

Numerical Results

In order to obtain computational results, the problem is
reformulated as a parameter optimization problem. The
region Q is subdivided into a square grid with spacing 4. From
symmetry considerations, a solution may be obtained for only
one quadrant of the plate, thus reducing the dimensionality of

the problem. The lines of the grid for the selected quadrant 0.6

are x;=(—Dh i=1,..,K, and y;=(—-Dh, j=1,...K, 1.0
where h=1/2(K—1). Discretizing and utilizing the
trapezoidal rule for numerical integration, the performance L593
criterion Eq. (6), can be approximated by the objective ’
function
K-—-1
TN 4 it e 2202 | U i) 118
i=2

— K—1 K-1

E U1 +Jx)) ]+4h2 ) E.fi,j M L/

j=2 j=2 j=2
e k/

fiy=ulxyp) + (/e L)z — QL) ™M,
+(1/¢;)max? {0,g[u(x;,y;)]}
A decision vector is defined by .
0.8
Qpn 1.2 \
c= |----- \
u, 1,425

where «,,, is the vector of undetermined coefficients in the (o)
state variable expansions, Eqs. (5), and w;; is the vector whose
components are the values of the nondimensional thickness 1.054

distribution at the nodes of the grid.

It can be shown that the objective function, Eq. (7), may be
expressed as a sum of the squares of a set of functions F, (¢).
Thus, the original distributed parameter optimal control
problem (problem A) has now been transformed into a least-
squares parameter optimization problem. The objective is to
determine, for any {e;e,, M,N,K}, the vector ¢ which
minimizes

EF (c)

This allows the method of Gauss-Levenberg-Marquardt to be
employed, which is one of the most powerful available for
least-squares problems.

Numerical solutions were obtained using a commercially
available Gauss-Levenberg-Marquardt algorithm (IMSL (c)

1.263 \

Library subroutine ZXSSQ) for a 49-node grid. Following
the spirit of the method of collocation, the number of terms in
each state-variable expansion was chosen to correspond to the

Fig. 1 Contour lines of the optimal nondimensional thickness
distribution for one quadrant of a simply supported square plate with
fixed fundamental frequency of free vibration. a) u ;, =0.6, b)

number of nodes (x.y;), i=2,....,K, j=2,....,K, where the Upin =0.8, &) upip, =0.9.

Table 1 Minimum mass simply supported square plate with
fixed fundamental frequency of free vibration

Objective Iterations
Upin M N K g € Mass ratio function for convergence
0.6 3 3 4 1.0 0.001 0.80574 0.80616 83
0.8 3 3 4 - 1.0 0.001 0.91218 0.91252 72
0.9 3 3 4 1.0 0.001 0.95754 0.95789 79
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Table2 Optimal nondimensional thickness distribution
u(x,y) for one quadrant of a simply supported square plate
with fixed fundamental frequency of free vibration

x/y 0.0 0.167 0.333 0.5
U min =0.6
0.0 1.593 1.161 0.6 0.6
0.167 1.161 1.253 0.6 0.6
0.333 0.6 0.6 0.6 0.888
0.5 0.6 0.6 0.888 1.017
Uin =0.8
0.0 1.425 1.196 0.8 0.8
0.167 1.196 0.8 0.8 0.8
0.333 0.8 0.8 0.995 - 0.984
0.5 0.8 0.8 0.984 1.118
Upin = 0.9
0.0 1.263 1.103 0.9 0.9
0.167 1.103 0.9 0.9 0.9
0.333 0.9 0.9 1.005 0.982
0.5 0.9 0.9 0.982 1.054

Table 3 Effect of variation of the parameters ¢; ard ¢, on the
convergence of the method

€ €, Massratio  Objective function  Iterations
100.0 0.0001 0.91364 0.93501 111
10.0 0.0001 0.95315 0.95567 88
1.0 0.0001 0.95770 0.95796 100
0.1 0.0001 0.95816 0.95820 109
0.01 0.0001 0.95821 0.95822 137
0.001  0.0001 0.95821 0.95822 166
1.0 0.1 0.94029 0.94935 54
1.0 0.01 0.95602 0.95713 69
1.0 0.001° 0.95754 0.95789 79
1.0 0.0001 0.95770 0.95796 100

square error in satisfying the partial differential equation of
constraint is to be minimized (the partial differential equation
is automatically satisfied at nodes (x;,y;) wherei=1orj=1).

The results of varying the minimum thickness constraint are
presented in Table 1. The mass ratio provides a means of
determining the weight savings for the optimal design. It is
defined as the ratio of the mass of the optimal plate to that of
the reference plate. Thus, weight savings of over 4%, 8%, and
19% were realized for the three respective minimum thickness
constraints. In each case, the iterations required for con-
~ vergence are tabulated for an initial guess corresponding to
the reference plate. Convergence was assumed when the
magnitude of the gradient of the objective function was less
than 0.0001. The values of the optimal thickness distribution,
u(x,y), at the nodes of the grid for one quadrant of the plate
are presented in Table 2 for each of the three minimum
thickness constraints. The general tendency was for the mass
to build up significantly at the corners of the plate and slightly
at the center. Contour lines of the optimal thickness
distributions for one quadrant of the plate are plotted in Fig.
1.

Table 3 illustrates the results of varying the magnitude of
the parameters ¢, and e, for a minimum thickness constraint
of u,;, =0.9. A larger value of ¢, implies a less severe penalty
for violation of the differential equation of constraint, thus
allowing a less accurate optimal thickness distribution and a

smaller and less accurate value of the mass ratio. The value of .

the parameter ¢, had to be kept relatively small in order to
accurately satisfy the minimum thickness constraint. For
practical purposes, a sufficiently accurate optimal solution
can be obtained fore; =1.0 and ¢, =0.001.

Conclusions

The technique described herein has proven itself effective
for the solution, via optimal control methodology, of an
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optimal structural design problem involving a two-
dimensional structural member. The principle advantages are:

1) It avoids the direct solution of the partial differential
equation of constraint.

2) The boundary conditions are automatically satisfied.

3) Itis conceptually simple and easy to implement.
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Effect of Teniperature-Dependent
Heat Capacity on Aerodynamic
Ablation of Melting Bodies

Anant Prasad*
Regional Institute of Technology, Jamshedpur, India

Nomenclature

c = heat capacity per unit volume of the material

Cy =heat capacity at melting temperature

h = heat-transfer coefficient

H =heat flow vector

k =thermal conductivity of the material

L =latent heat of the material

q;(t) =unknown surface temperature

q,(t) =unknown melting distance

t =time

T, =temperature of the surroundings

o =thermal diffusivity

B =dimensionless temperature of the surroundings,
Co Tf/me

¥ =dimensionless coefficient to give variation in heat
capacity, AT}

n =dimensionless melting distance, hq,/k
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